We study bound states in a model with scalar nucleons interacting via an exchanged scalar meson using the Hamiltonian formalism on the light front. In this approach manifest rotational invariance is broken when the Fock space is truncated. By considering an effective Hamiltonian that takes into account two meson exchanges, we find that this breaking of rotational invariance is decreased from that which occurs when only one meson exchange is included. The best improvement occurs when the states are weakly bound.
I. INTRODUCTION
Covariant field theory can be coerced into giving solutions to non-perturbative problems such as bound states via the Bethe-Salpeter equation. There are technical difficulties in arriving at those solutions, but they are manifestly covariant. An alternative approach that also provides covariant results is obtained by using a Hamiltonian theory and the corresponding Schrödinger equation to solve for the bound states. A consequence of this covariance is that the commutation relations between the operators that constitute the four-momentum (P µ ) and the four-angular momentum (M µν ) give a representation of the Poincaré algebra. There are many different formulations of Hamiltonian theories, corresponding to different coordinate systems. Several systems that give rise to Hamiltonians with desirable properties were discussed by Dirac [1] . The components of the P µ and M µν operators can be classified as either dynamic (dependent on the interaction) or kinematic. Changing the coordinate system results in a different separation of P µ and M µν into dynamic operators and kinematic operators.
The two systems that we will be concerned with are the equal-time and light-front formalisms. The usual coordinate system, equal-time, gives four dynamical operators, while the light-front system yields only three dynamical ones. Having a small number of dynamical operators is good since Fock space truncation, almost always required for practical computations, leads to the undesirable feature that the truncated operators longer exactly satisfy the Poincaré algebra. The degree of violation will obviously depend on the dynamical importance of the omitted sectors of the Fock space.
Using the canonical coordinate system, with x µ = (x 0 , x 1 , x 2 , x 3 ) and defining the commutation relations at equal time (x 0 = t), we obtain the most familiar Hamiltonian theory, an equal-time theory. For this system, rotations and translations are kinematical, while the Hamiltonian and generators of boosts are dynamical. The fact that the generators of boosts are dynamical implies that when the full Hamiltonian is truncated, it will no longer transform appropriately under boosts. This implies that the equal-time Hamiltonian may not be well-suited for relativistic problems. An alternative coordinate system is obtained from using light-front variables x ± = x 0 ±x 3 to construct x µ = (x + , x − , x 1 , x 2 ). High-energy experiments are naturally described using these coordinates, rather than equal-time ones. This is because the front of a beam of light traveling in the (negative) three-direction is defined by a surface where x + is constant. Such a beam can probe the wavefunction of a target described in terms of light-front variables [2, 3] : the Bjorken x variable used to describe experiments is simply the ratio of the plus momentum of the struck constituent particle to the total plus momentum of the bound state.
Using the light-front coordinate system and defining the commutation relations at equal light-front time (x + = t LF ), we obtain a light-front Hamiltonian theory [2, 4, 5] . For this choice, rotation about the three axis, translations in the one, two, and plus directions, and the generators of boosts in the one, two, and plus directions are kinematical, while the Hamiltonian (P − ) and rotations about the one and two directions are dynamical. Since the boosts are kinematical, the light-front Hamiltonian is useful for relativistic problems, such as strongly-bound systems, even when the Hamiltonian is truncated. However, since two of the rotations are dynamical, the momentum operator four-vector will not be covariant under those rotations when the Hamiltonian is truncated. This lack of manifest rotational invariance presents some difficulties for bound-state calculations.
A key benefit of using the light front is that the vacuum can be very simple. This is because all massive particles and anti-particles have positive plus momentum, and the total plus momentum is a conserved quantity. Thus, the naïve vacuum (with p + = 0) is empty, and diagrams that couple to the vacuum are zero [6] , so the number of non-trivial light-front time-ordered diagrams is greatly reduced.
A. Difficulties with the light front
An untruncated light-front Hamiltonian will commute with the total relative angular momentum operator, since the total momentum commutes with the relative momentum. Thus, for the scalar theory we consider here, the eigenstates of the full Hamiltonian will also be eigenstates of the angular momentum. However, as mentioned earlier, a Fock-space truncation of the light-front Hamiltonian results in the momentum operator four-vector losing covariance under rotations. Hence J 2 and the truncated Hamiltonian do not commute and this implies that the eigenstates of the truncated Hamiltonian will not be eigenstates of the angular momentum.
How will this violation of rotational invariance affect physical observables? We consider two different manifestations. Firstly, the wavefunctions will be mixtures of many different angular momentum states. The greater the violation of rotational invariance, the more mixing there will be between states [7] . A second way to observe this violation is to note that on the light front, rotational invariance about the three-axis is maintained. This allows us to classify states as eigenstates of J 3 with eigenvalues m. We compare the energies of states with the same predominant angular momentum quantum number l but different m values. If the Hamiltonian were rotationally invariant, the energies should be the same; the breaking of rotational invariance causes the energies to be different [8] .
We expect that the higher Fock-space components of the full Hamiltonian will be small if the coupling constant is small enough. Thus, truncation at successively higher orders should reduce the violation of rotational invariance of the truncated Hamiltonian. In particular, by retaining enough terms in the perturbation expansion of the Hamiltonian, the violation of rotational invariance can be reduced to an arbitrarily small amount, provided only that a perturbation expansion is valid. Thus, the only real question is: How many terms are required?
B. Outline of the rest of the paper
The purpose of this paper is to explore how truncation at different orders in the effective potential affects the breaking of rotational invariance of the spectra. The model we are using is a Lagrangian with neutral scalar particles coupled via a φ 2 χ interaction to other neutral scalar particles. The Bethe-Salpeter equation for this Lagrangian is discussed, and the ladder approximation to the Bethe-Salpeter equation and its spectra are reviewed. We also derive the light-front Hamiltonian from that Lagrangian and write out the light-front Schrödinger equation for bound states consisting of two particles. An approximation to the light-front potential that causes the light-front Schrödinger equation to be equivalent to the ladder Bethe-Salpeter equation is discussed. This approximation will be called the uncrossed approximation. The one-boson-exchange (OBE) effective potential and two-boson-exchange (TBE) effective potential are derived in this approximation. All of this is discussed in more detail in section II.
Following the development of the model, we look at some numerical calculations in section III. For our tests, we look at states composed of two massive scalar particles bound by the effects of the exchange of a lighter scalar particle. We calculate the spectra (the coupling constant versus bound-state mass curves) using the Bethe-Salpeter equation in the ladder approximation. Since the Bethe-Salpeter equation is manifestly covariant, its solutions are states with definite angular momentum. We also calculate the spectra using a light-front Schrödinger equation with the OBE and the OBE+TBE potentials. Because of the lack of manifest rotational invariance, these wavefunctions do not have definite angular momentum. A partial-wave decomposition is performed on these wavefunctions to analyze the various angular momentum states present in them. The problem of trying to classify these states is discussed. We then plot the spectra for the wavefunctions classified as the lowest-lying pand d-wave states for the Bethe-Salpeter, OBE Schrödinger, and the OBE+TBE Schrödinger equations.
In section IV, we summarize our findings: the higher-order terms help to partially restore the breaking of rotational invariance introduced by using only the OBE potential. This restoration is largest when the states are weakly bound.
We stress that the point of this paper is not to solve the Lagrangian of this model exactly. Instead, we seek to understand how rotational invariance is broken by the light-front Hamiltonian in the uncrossed approximation, how it can be partially restored by keeping higher-order graphs, and also to compare the results from the two truncated Hamiltonians to the results of the "exact" theory (the ladder Bethe-Salpeter equation). Discussion of the inclusion of the crossed-graph contributions will be given in a forthcoming paper [9] .
This study is closely connected to the work of Schoonderwoerd, Bakker, and Karmanov [10] , who considered two-body scattering in perturbation theory using a model similar to ours. Off-shell scattering amplitudes were computed at order g 4 and it was found that for low momenta, the TBE diagrams contributed much less than the iterated OBE diagrams. This lead to a conjecture that the lightly-bound states should be well described by the OBE potential, with the TBE potential playing a minor role. These results encourage us to calculate and compare bound states incorporating the OBE and OBE+TBE diagrams. We note that some of the difficulties present in [10] are avoided here since there are no singularities in the bound-state integral equation.
While this manuscript was in preparation, a paper by Sales et. al. [11] appeared. In that work, a model similar to ours was used to consider bound states. Their study included the same two truncations that we use, as well as the a comparison to the Bethe-Salpeter equation results. However, the investigation of Ref. [11] focused on the ground state, while here we are concerned with the rotational invariance of the excited states.
II. OUR MODEL
We consider two distinguishable uncharged scalars φ = (φ 1 , φ 2 ) with mass M (which we will refer to as nucleons), that couple to a third, uncharged scalar χ with mass µ (which we will refer to as a meson) by a φ 2 χ interaction. This φ 2 χ theory, which can be considered a massive extension of the Wick-Cutkosky model [12] , has been used by Schoonderwoerd, Bakker, and Karmanov [10] on the light front to study scattering states. The Lagrangian is
This Lagrangian will be used in two formalisms, the Bethe-Salpeter equation and the Hamiltonian approach.
A. Bethe-Salpeter equation
The Bethe-Salpeter equation [13] [14] [15] [16] [17] provides a way of describing bound states based on Feynman propagators and kernels constructed from covariant quantum field theory, and thus is manifestly covariant. The equation for the bound state of nucleons 1 and 2 can be written as
where g is the coupling constant, G is the free two-particle propagator, which is the product of two one-particle propagators, G = S 1 S 2 , ψ is the four-dimensional wavefunction, and K is the sum of all two-particle irreducible two-to-two Feynman graphs,
There are no nucleon exchange graphs since we treat only the case where the two nucleons are distinguishable. We consider the ladder approximation to the Bethe-Salpeter equation,
which is obtained by replacing K in Eq. (2) with K OBE , the graph due to one-boson-exchange,
Making this approximation leaves the Bethe-Salpeter equation covariant. This implies that the wavefunctions ψ have definite angular momentum l, and hence the energies of the states are degenerate for different m projections of the same angular momentum. This equation can be simplified in the center-of-mass frame. In that frame, once the total energy is defined as P 0 , the four-momentum of the second particle is given by k µ 2 = P µ − k µ 1 , and thus the Bethe-Salpeter equation is effectively a one-particle equation. The remainder of the discussion in this section will be done in the c.m. frame. We then can rewrite Eq. (4), taking into account the explicit symmetries of the equation, as
where E is an arbitrary energy, ψ n,l,m is the n th wavefunction with angular momentum l and three-projection m, and g n,l,m LBSE (E) is the coupling constant which yields that bound-state wavefunction with E as the bound-state energy. We call this g(E) the spectrum of the ladder Bethe-Salpeter equation for the corresponding wavefunction. The Greens function G(E) and the OBE kernel K OBE (E) are functions of the energy in the c.m. frame and are implicitly effective one-particle operators.
The comparison we draw is only between the ladder Bethe-Salpeter equation and the light-front Hamiltonian that corresponds to that approximation. Since we are not looking at the solutions to the full theory, for our purposes it does not matter that if the coupling constant is large there are sizeable differences between the solutions to the full Bethe-Salpeter equation and the ladder approximation [18] [19] [20] [21] .
B. Light-front Hamiltonian
To obtain the light-front Hamiltonian from the Lagrangian in Eq. (1), we follow the approach used by Miller [3] and many others (see the review [2] ) to write the light-front Hamiltonian (P − ) as the sum of a free, non-interacting part and a term containing the interactions. This is accomplished by using the energy-momentum tensor in
The usual relations determine T +µ , with
in which the degrees of freedom are labeled by φ r . It is worthwhile to consider the limit in which the interactions between the fields are removed. This will allow us to define the free Hamiltonian P − 0 and to display the necessary commutation relations. The energy-momentum tensor of the non-interacting fields is defined as T µν 0 . Use of Eq. (8) leads to the result
with
The scalar nucleon fields can be expressed in terms of creation and destruction operators:
where i = 1, 2 is a particle index,
Note that k − is such that the particles are on the mass shell, which is a consequence of using a Hamiltonian theory. The θ function restricts k + to positive values. Likewise, the scalar meson field is given by
where k − = µ 2 +k 2 ⊥ k + , so that the mesons are also on the mass shell. The non-vanishing commutation relations are
where α = 1, 2, χ is a particle index. The commutation relations are defined at equal lightfront time, x + = 0. The derivatives appearing in the quantity T +− 0 are evaluated and then one sets x + to 0 to obtain the result (14) has the interpretation of an operator that counts the light-front energy k − (which is
for the nucleons and
for the mesons) of all of the particles.
We now consider the interacting part of the Lagrangian, L I . An analysis similar to that for the non-interacting parts yields the interacting part of the light-front Hamiltonian P − I ;
The total light-front Hamiltonian is given by P − = P − 0 + P − I .
C. Hamiltonian bound-state equations
We will be studying the bound states of two distinguishable nucleons in the lightfront analogue of old-fashioned (time-ordered) perturbation theory: light-front time-ordered perturbation theory (LFTOPT). Using this perturbation theory for our Hamiltonian, we can write out a two-nucleon effective Hamiltonian "eigenvalue" equation (a light-front Schrödinger equation) where the potential is expanded in powers of the coupling constant g. This is not a true eigenvalue equation since the potential is energy dependent. We write this in the form of Eq. (6)
where P − is an arbitrary light-front energy, |ψ n is the the n th wavefunction, and g n LFSE (P − ) is the coupling constant which yields that bound-state wavefunction with P − as the boundstate energy. We call this g(P − ) the spectrum of the light-front Schrödinger equation for the corresponding wavefunction. Only even powers of g appear in V since every meson emitted must be absorbed. Also, since V (2i) is the potential due to the exchange of i mesons, we call V (2) = V OBE and V (4) = V TBE . The potentials V (2i) can be calculated from the light-front time-ordered diagrams.
We want to approximate our potential V so that Eq. (16) is equivalent to the ladder Bethe-Salpeter equation. This approximation of V will be called the uncrossed approximation. It is well known how to reduce the Bethe-Salpeter equation to an equivalent Hamiltonian (Schrödinger-type) equation. For an extensive discussion of this issue of defining the potential equivalent to a sum of Feynman graphs in the equal-time case see, for instance, Klein [22] , Phillips and Wallace [23] , Lahiff and Afnan [24] , and for examples on the light front, Ligterink and Bakker [25] . The general procedure to get the effective potential due to n boson exchange takes two steps. First, write the sum of all Feynman graphs obtained from iteration of the Bethe-Salpeter kernel with n boson exchanges. Then, write that sum in terms of LFTOPT graphs, and discard all graphs which are not two-particle-irreducible with respect to the light-front two-body propagator,
The graphs which remain after this procedure constitute the V nBE .
As an example, we construct the TBE potential. When the ladder Bethe-Salpeter equation is used, only one Feynman graph contributes, the box diagram arising from the iteration of the Feynman OBE kernel. This gives six non-vanishing LFTOPT diagrams. (The other diagrams vanish because the vacuum is simple on the light front.) § Feynman =¨+ © + ª + « + ¬ + . (19) The first four diagrams are iterations of the OBE potential and are reducible with respect to G LF . The last two are two-particle-irreducible and thus constitute the TBE potential, V TBE .
A truncation must be made for the potential in Eq. (17), since in this Hamiltonian theory the infinite sum of graphs (required to reproduce the covariant results of the Bethe-Salpeter equation) cannot be calculated. In this paper we consider two truncations, one where we only keep the OBE potential, and another where we keep OBE and TBE potentials. We write out the matrix elements of V OBE and V TBE in the two-particle momentum basis, denoting the momentum of the incoming particles by p 1 and p 2 , and the outgoing particles k 1 and k 2 . For V TBE , particles 1 and 2 have intermediate momenta which we denote by q 1 and q 2 . In terms of diagrams, the potentials are
These potentials are implicitly functions of the incoming and outgoing momenta. The wavefunction in Eq. (16) can be written as a function of the momenta of the two particles. However, since the total P ⊥ and P + momenta commute with the interaction, the total P ⊥ and P + of the bound state must be equal to the sum of the two particles' perpendicular and plus momentum both before and after the interaction. Therefore, we can take the total momentum of the bound state as an external parameter, and solve the light-front Schrödinger equation for that total momentum. Thus, the wavefunction, when parameterized by the total momentum,is a function of only one momentum variable. We can take that momentum to be the momentum of particle 1. The components of particle 2's momentum are then k + 2 = P + − k + 1 and k 2,⊥ = P ⊥ − k 1,⊥ ; the minus component (the light-front energy) is defined by the requirement that the particle is on mass shell, so
x Bj is the Bjorken x variable, so that k + 2 /P + = 1 − x. Likewise, we write the Bjorken variables that correspond to the other momenta in the diagrams in Eqs. (20) and (21) as y ≡ p + 1 /P + and z ≡ q + 1 /P + . Also, a meson with arbitrary momentum q + and q ⊥ (not to be confused with the loop momentum q 1 ), has light-front energy ω − (q) = (µ 2 + q 2 ⊥ )/q + . Inspecting the rules for converting a light-front time-ordered diagram into a formula [9] , we find that each piece of the potential is proportional to
We will suppress this term from the following potentials. For further simplification, we say that we are in the bound state's center of mass frame so that the total four-momentum P µ = (P − , P + , P ⊥ ) = (E, E, 0 ⊥ ), where E is the bound-state energy. We can do this without loss of generality since the boosts are kinematic, so we can easily boost the light-front Schrödinger equation to a frame with arbitrary center-of-mass momentum. All further calculations will be done in the c.m. frame. Now we use the light-front time-ordered perturbation theory rules to calculate the potential due to OBE,
We also calculate the potential due to the TBE,
The {1 ↔ 2} means to replace all labels 1 with 2 and vice versa, as well as replacing the Bjorken variables x, y, and z with 1 − x, 1 − y, and 1 − z. The angular part the d 2 q ⊥ integral in Eq. (24) can be done analytically. The radial part of that integral and the z integral need to be done numerically. A detailed discussion of the evaluation of Eq. (24) will be given in Ref. [9] . We will find it useful to convert from our light-front coordinates (k + 1 , k ⊥ ) to equal-time coordinates k = (k ⊥ , k 3 ) by using an implicit definition of k 3 [26] 
We will refer to the equal-time vector k as the relative momentum of the two-particle system. It is worth emphasizing that even though we transform to equal-time coordinates, this is still a light-front calculation. The physics of the light-front remains from the definition of the Hamiltonian (P − ) and the commutation relations. For scattering states, the OBE potential computed for on-shell nucleons and used in the Weinberg integral equation [27] (essentially the scattering analogue of Eq. (16) leads to manifestly rotationally invariant results when written in terms of the relative momenta [3] . The similarity between that rotationally invariant result and the usual equal-time result implies that this equal-time momentum k can be interpreted as the relative momentum of the two particles. For bound states, this exact simplification does not occur, since for bound states the potential is, of necessity, evaluated off the energy shell (but on the mass shell). However, we expect that the OBE potential, written in terms of the relative momentum, is approximately spherically symmetric for lightly-bound states. Thus, the wavefunctions are approximate eigenfunctions of the relative angular momentum. Now consider the exchange of the particle labels 1 and 2. This causes
which means that k 3 as defined in Eq. (25) transforms as k 3 → −k 3 so k → −k. Consequently, exchange of particle labels 1 and 2 is the same as parity.
Since the two nucleons are identical except for the particle label, the effective potential commutes with parity to all orders in g 2 . Furthermore, the light-front Hamiltonian is explicitly invariant under rotations about the three-axis. These considerations allow us to classify the wavefunctions as having eigenvalues p of parity (P) and m of the three-component of the angular momentum operator (J 3 ). We label the wavefunction as k 1 |ψ m,p , where k 1 |J 3 |ψ n m,p = k 1 |ψ n m,p m, (29) k 1 |P|ψ n m,p = k 2 |ψ n m,p (30) = k 1 |ψ n m,p p.
With this, we may write the OBE truncation of full uncrossed Hamiltonian as
which gives OBE light-front Schrödinger equation
where E is an arbitrary energy, |ψ n,OBE m,p is the n th wavefunction with parity p and J 3 quantum number m, and g n,m,p OBE (E) is the coupling constant which yields that bound-state wavefunction with E as the bound-state energy.
For the OBE+TBE truncation, we have
which gives TBE light-front Schrödinger equation
where the quantities here are defined in an analogous way to Eq. (33). By comparing the spectra g n,m,p OBE (E) and g n,m,p TBE (E), we can see what effect adding the TBE potential to the OBE potential has on the coupling constant for a given bound-state energy.
D. Comparison
The solution to the untruncated light-front Schrödinger equation in the uncrossed approximation is equivalent to the solution of the ladder Bethe-Salpeter equation. When the full uncrossed Hamiltonian is truncated, differences will be introduced. Thus, here we think of the ladder Bethe-Salpeter equation as the exact theory which the truncated light-front Schrödinger equations approximate. As more graphs are included in the truncated lightfront Hamiltonian potential, the agreement with the Bethe-Salpeter equation will obviously be better. The question we wish to answer is how well the spectra g(E) for the two different truncations [Eqs. (33) and (35)] approximate the spectra for the "exact" theory, the BSE results.
The lack of manifest rotational invariance of the truncated Hamiltonian theory causes a breaking of the degeneracy of the spectra of the truncated light-front Schrödinger equations for different m states -unlike the case for the Bethe-Salpeter equation. The wavefunctions from the Hamiltonian approach are classified by their dominant angular momentum contribution l, so that we can compare the spectra for different m projections of the same total angular momentum l. By doing this, we can compare how the degeneracy of the spectra is broken for the OBE and the OBE+TBE truncations, and also compare to the spectra obtained from the ladder Bethe-Salpeter equation.
III. RESULTS
For our numerical work, we pick the meson mass to be 0.15 times that of the nucleon, so µ = 0.15M. This is chosen so that our ground state can be considered a toy model of deuterium, and also to facilitate comparison with the results of Schoonderwoerd, Bakker, and Karmanov [10] .
The technology for doing these bound-state Bethe-Salpeter equation calculations was developed over 30 years ago [18, 19, 28] . Since the eigenstates of the ladder Bethe-Salpeter equation are also eigenstates of the total angular momentum, there is exact degeneracy in the energies of the different m states for the same angular momentum. For the range of parameters used in this study, we find that the errors in the g 2 are less than 0.5%. The numerical errors are largest for the most deeply-bound states (E ≈ 1.85M) with the largest coupling constants (g 2 /4π ≈ 50). The solutions to the ladder Bethe-Salpeter equation form bands where excited states with different orbital angular momentum are approximately degenerate with each other, as shown in Fig. 1 . This approximate degeneracy is due to the fact that when µ → 0, this model can be shown to have the same degeneracies as the non-relativistic hydrogen atom [12] . Thus, in that limit, all states with the same principal quantum number have the same energy. When µ = 0, that degeneracy is broken, but only slightly, as we can see from Fig.  1 . Because of this, we will label our states using atomic spectrography notation.
Next, we consider the two light-front Schrödinger equations given by Eqs. (33) and (35). These equations are solved numerically (for each parity and several m values) for the spectrum g(E) for a range of bound-state energies E. We show the results for even parity and m = 0 to demonstrate a classification scheme we discuss later. For the range of values we use here, we find numerical errors in g 2 less than 2%. Again, the errors are largest for the most deeply bound states with the largest coupling constants.
It is worth noting that although the symmetries of the light-front Hamiltonian allow us to classify the states according to m and the action under parity, this does not prevent a state with total angular momentum l from mixing with another state with total angular momentum l plus any even number. For the states shown in Fig. 1 , the only states that could experience this mixing are the 3s and 3d states, with m = 0. Since those two states are approximately degenerate for the Bethe-Salpeter equation, we expect that the small violation of rotational invariance that the truncated Hamiltonians introduce could produce significant mixing between these two states. . The curves are labeled by n, which indicates that the curve belongs to the n th eigenvector. The curve for the 1s state for the Bethe-Salpeter and the curve for the first OBE+TBE wavefunction are very close together, but distinct.
We plot both the OBE spectra [in Fig. 2(a) ] and the OBE+TBE spectra [in Fig. 2(b) ] along with the Bethe-Salpeter spectra. Based on the symmetry conditions, the n = 1 state is expected to be the 1s state, the n = 2 state the 2s state, and the n = 3 and n = 4 states the 3s and 3d states. We see approximate agreement between both of the truncated Hamiltonian results and the Bethe-Salpeter results for lightly-bound systems (where E ≈ 2M).
A partial-wave decomposition is performed on the wavefunctions (represented in the relative momentum equal-time basis) to obtain the radial wavefunctions R l,m for all angular momentum states Y l,m . Since the potential is not manifestly rotationally invariant, our wavefunctions will have support from many different partial waves. Not all partial waves are allowed; only those partial-wave states with the same J 3 and parity quantum numbers as the wavefunction give non-vanishing radial wavefunctions. We have k|ψ n m,p = ∞ l=m Y m l (θ, φ)R n,p l,m (k).
We define the fraction of the wavefunction with angular momentum l as
(37)
The fractions f n l are a measure of the amount of angular momentum state l in the n th eigenfunction.
If the violation of rotational invariance of the truncated Hamiltonian is small, then the partial-wave decomposition will have support predominately from only one angular momentum value. Conversely, a large violation will lead to the wavefunction will having support from many different angular momentum values. By looking at the fractions f n l for a particular wavefunction, we can get an idea of how much the Hamiltonian violates rotational invariance. To illustrate these angular momentum fractions, we preform this analysis on the four lowest coupling constant wavefunctions with even parity and m = 0 for both the OBE and OBE+TBE truncations, the same as in Fig. 2 . We show f n l as a function of E in Fig.  3. (The plots for the m = ±1, ±2 states show similar behavior, with different l values.) Note that more higher angular momentum states contribute for more deeply bound states. This is because both the binding and the importance of the higher-order diagrams increase with the coupling constant. If the higher-order terms were included, the Hamiltonian would be rotationally invariant; neglecting those terms breaks the rotational invariance of the truncated Hamiltonian. Thus, both truncations we consider will break rotational invariance more when the states are more deeply bound, which agrees with with Fig. 3 .
Examination of the f n l curves in Fig. 3 shows us that, as postulated earlier, the n = 1 and n = 2 states shown in Figs. 3(a,e ) and 3(b,f) are predominately s-wave states, which we label the 1s and 2s states respectively. For the OBE truncation, the n = 3 state shown in Fig. 3(c) is predominately d-wave (labeled the 3d state) and the n = 4 state shown in Fig. 3(d) is predominately s-wave (labeled the 3s state), with little mixing between the two states. For the OBE+TBE truncation, the n = 3 and n = 4 states are mixtures of both the 3s and 3d states, as seen in Figs. 3(g,h) In fact, we see a level crossing between the n = 3, 4 states in that the n = 3 state is predominantly 3d for lightly-bound systems, but as the binding increases, the n = 3 state becomes predominantly 3s.
If this 3s-3d mixing is ignored, then Fig. 3 shows clearly that when the TBE is included the amount of angular momentum states mixed in actually decreases as compared to the OBE results. This implies that the wavefunctions of the OBE+TBE equation are better angular momentum states than the wavefunctions of the OBE equation. Thus the TBE potential restores some rotational invariance to the OBE calculation.
We attempt to classify the wavefunctions as states with definite angular momentum. If a wavefunction has the most support from the angular momentum state l, we classify that state as having angular momentum l. This procedure designates the first two wavefunctions for both the OBE and the OBE+TBE cases as s-wave states, which is clearly the right thing to do. For the third and fourth wavefunctions of the OBE+TBE equation, there are points where the fraction of the s-wave state equals the fraction of the d-wave state. Here it no longer clear that such a state should be assigned a definite angular momentum value; we do so regardless and analyze the consequences later.
We now examine the breaking of rotational invariance of the two truncations based on the comparison of states with different m projections of the same angular momentum. Since the s-wave state has only m = 0, there is nothing to analyse in that case. Further discussion of the ground-state s-wave will appear in Ref. [9] . In Figs. 4, 5, and 6, we plot the Bethe-Salpeter bound-state spectra along with the spectra for the states constructed with the OBE and the OBE+TBE potentials. The different m states for the Bethe-Salpeter equation are exactly degenerate as a result of the rotational invariance of the equation. The curves from the Hamiltonian theory do not exhibit the exact degeneracy in m; the degeneracy is broken whether the OBE or OBE+TBE potentials are used. However, we see that the degeneracy is partially restored when the TBE potential is included, in that for a given binding energy the spread of the coupling constants is always smaller.
In Figs. 4 and 5 , we plot the spectra for the 2p and 3p states, respectively. In both figures, we see that the m = 0 and m = ±1 curves move closer together after addition of the TBE potential. However, the average of the two curves for each case does not move much. In fact, for the 3p state in Fig. 5 , the m = ±1 curve moves farther away from the ladder Bethe-Salpeter curve after addition of the TBE. We also note that in Fig. 5 the spread of the spectra is larger than in Fig. 4 for both the OBE and the OBE+TBE light-front Schrödinger equations. We attribute this to the neglect of the higher-order graphs. Since the states with different m values would be degenerate if all the higher-order graphs were included, not including them causes a breaking of the degeneracy. Because the coupling constant is larger for the 3p states than for the 2p states with the same binding energy, the omission of the higher-order graphs causes a larger breaking of the degeneracy for the 3p states.
We also consider the first d-wave states. We see in Fig. 6 that, as in Figs. 4 and 5, the states with different m values move together after addition of TBE. The effect of the level crossing of the 3s and 3d states shown in Figs. 3(g) and 3(h) is seen here in that there are two disjoint curves for m = 0. When the level crossing occurs, at E/M ≈ 1.96, the wavefunction which originally was the 3s state becomes the 3d state and vice versa.
There are some problems that this level crossing causes. In the intermediate region where the 3s and 3d states are about equally mixed, it is probably not physically sensible to call the state a 3s or 3d state. However, plotting the curves gives us an indication of what the wavefunctions are doing, and for this case we see that the m = 0 curve is always bounded by the m = ±1 and m = ±2 curves. A more restrictive classification scheme would leave a gap (in E/M) between the two m = 0 curves and it would not be so clear that the bounding of the m = 0 curve which we observe here occurs.
Finally, we note that the spread of the curves in the 3d case is approximately the same as the spread in the 3p case for each truncation. This tells us that the higher-order graphs have the same qualitative effect in both states.
IV. CONCLUSIONS
In this paper, we considered two truncations of the light-front Hamiltonian, the OBE and OBE+TBE truncations. Using these truncations, we studied the partial-wave decompositions of the bound-state wavefunctions. We found there is less uncertainty in the angular momentum of the OBE+TBE wavefunctions than of the OBE wavefunctions. We also used these truncations to study the breaking of degeneracy of the spectra for states of the same angular momentum l but with different projections m. We found less breaking of the degeneracy when the OBE+TBE potential was used than when the OBE potential was used. Both of these findings indicate that the OBE+TBE truncation of the Hamiltonian breaks rotational invariance less than the OBE truncation alone.
However, there is still some discrepancy between our truncated Hamiltonian spectra and the ladder Bethe-Salpeter spectra. In general, our OBE+TBE results for the p-and d-wave states show deeper binding than the Bethe-Salpeter results. Not surprisingly, this disagreement is largest for the most deeply bound-states where the coupling is largest. This difference would be removed if all the higher-order pieces of the potential were included. These higher-order pieces are also needed for the full restoration of rotational invariance.
